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PENTAGON EQUATION AND COMPACT QUANTUM
SEMIGROUPS
MARAT A. AUKHADIEV
Аннотация. Following the principles of Kac algebras and compact quantum
groups duality theories, we study the adoptability of multiplicative unitary
theory for compact quantum semigroups. Particularly, the non-existence of
such operator for several nontrivial examples of quantum semigroups is proved.
Using the pentagon equation an alternative operator which encodes compact
quantum semigroup structure is proposed, extending some aspects of multiplicative
unitaries.
Keywords: Compact quantum semigroup, quantum group, Haar functional,
Toeplitz algebra, multiplicative unitary, pentagon eqation.
1. Introduction
After the discover of Pontryagin duality for abelian groups, it was extended
to non-abelian groups by Tannaki [7], Krein [4], and Stinespring, Tatsuuma. In
1963 a notion of “ring group” based on Stinespring duality theory was defined by
Kac. Introducing this new object he proposed new approach to duality theory of
unimodular locally compact groups. Kac defined notions of such homomorphisms
as comultiplication, counit and antipode. The algebra with these homomorphisms
was later called Kac algebra. Following this approach Takesaki [6] defined a group
algebra of locally compact group as an involutive commutative Hopf - von Neumann
algebra with left-invariant measure. In this theory a crucial role is played by a
unitary operator, later called Kac-Takesaki operator.
Let G be a locally compact group with left Haar measure ds. Denote by H
Hilbert space L2(G, ds). Define a unitary operator u on H ⊗H :
(uf)(s, t) = f(st, t), f ∈ H ⊗H, s, t ∈ G.
This operator, called Kac-Takesaki operator, satisfies an original property – pentagon
equation:
u12u13u23 = u23u12.
Let A(G) be a Hopf - von Neumann algebra of all multiplicators by ̺(f), f ∈
L∞(G) on H . The main fact about this group duality theory is the following. The
map δG : x → u(x ⊗ 1)u
∗ is an isomorphism from A(G) to A(G)⊗¯A(G) such that
(δG ⊗ id)δG = (id⊗ δG)δG. The pair (A(G), δG) is the main example of Hopf - von
Neumann algebra. The homomorphism δG is called a comultiplication.
Soon after V.G. Drinfeld discovered quantum groups in 1980, which immediately
became popular, there were attempts to generalize Pontryagin duality to this class of
objects. S.L. Woronowicz [3] and also L.L.Vaksman and Y.S. Soibelman proposed a
C∗-algebraic approach to quantum groups and constructed an example of quantum
group SUq(2). Later for this approach Woronowicz defined a notion of compact
quantum group. The duality in this new theory is also based on the Kac-Takesaki
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operator. Baaj and Skandalis showed that the unitary operator satisfying the pentagon
equation and some regularity properties gives a structure of compact quantum
group [5]. This operator was called a multiplicative unitary.
In [2] A.Van Daele defined a natural generalization of compact quantum groups,
called compact quantum semigroups. The question of existence of multiplicative
unitary for these objects arised soon after examples of quantum semigroups appeared
in literature. In this paper the generalization of multiplicative unitary notion for
compact quantum semigroups is investigated. It turns out that such operator u may
not exist for some compact quantum semigroups. This fact is proved in Section
3 for the Toeplitz algebra and the algebra of continuous functions on compact
semigroup with zero. Despite this, in Section 4 by means of pentagon equation
we define an operator on C*-algebra, which gives a non-trivial comultiplication,
and thus it generalizes the multiplicative unitary. The suggested operator, dislike
the multiplicative unitary, is suitable for the compact quantum semigroups with
non-faithful Haar functional. Also we prove the existence of such operator for some
special class of compact quantum semigroups.
The author is thankful to A. Van Daele for useful comments.
2. Preliminaries
Let A be a C∗-algebra. Denote by A ⊗A the minimal C∗-tensor product of A
on itself. A unital C∗-homomorphism ∆: A → A⊗ A is called a comultiplication,
if the coassociativity relation holds:
(2.1) (∆⊗ id)∆ = (id⊗∆)∆.
Then (A,∆) is called a compact quantum semigroup [2]. If the subspaces
(2.2) {∆(b)(a⊗ I); a, b ∈ A} ,
(2.3) {∆(b)(I ⊗ a); a, b ∈ A} ,
are dense in A⊗A, then (A,∆) is a compact quantum group [3].
Definition 2.1. A counit is a ∗-homomorphism ǫ : A → C, such that for each
a ∈ A
(ǫ⊗ id)∆(a) = a,
(id⊗ ǫ)∆(a) = a.
Consider the dual spaceA∗. The comultiplication∆ naturally generates multiplication
∗ in A∗, for any ρ, ϕ ∈ A∗ we have:
(ρ ∗ ϕ)(a) = (ρ⊗ ϕ)∆(a).
State h ∈ A∗ is a Haar functional in A∗, if the following holds for any ρ ∈ A∗:
(2.4) h ∗ ρ = ρ ∗ h = λρh,
where λρ ∈ C depends on ρ.
Obviously, (2.4) is equivalent to
(2.5) (h⊗ id)∆(a) = h(a)I,
(2.6) (id⊗ h)∆(a) = h(a)I.
The following result is proved in [3].
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Theorem 2.1. Every compact quantum group (A,∆) admits unique Haar functional
h. This functional is faithful on the dense subalgebra in A.
The following notion of multiplicative unitary can be found in [5].
Let H be a separable Hilbert space. Denote the flip by σ : H ⊗H → H ⊗H :
(2.7) σ(x ⊗ y) = (y ⊗ x), x, y ∈ H.
For any a ∈ B(H ⊗H) introduce the following notation:
(2.8) a12 = a⊗ I, a23 = I ⊗ a, a13 = σ12a23σ12 = σ23a12σ23.
Definition 2.2. Operator u ∈ B(H ⊗ H) is a multiplicative isometry if it is an
isometric operator which satisfies the pentagon equation:
(2.9) u12u13u23 = u23u12.
If such u is unitary, it is called a multiplicative unitary.
Consider the GNS-construction (Hϕ, πϕ) of A, associated with a state ϕ. Denote
by Nϕ the left ideal {a ∈ A| ϕ(a
∗a) = 0}. For any element a ∈ A denote by a the
corresponding equivalence class in space A/Nϕ.
Baaj and Skandalis achieved the following result for compact quantum groups
in [5].
Theorem 2.2. Let (A,∆) be a compact quantum group with Haar functional h
and (Hh, πh) be the GNS-representation associated with h. Then there exists a
multiplicative unitary u ∈ B(Hh ⊗Hh), such that
(2.10) (πh ⊗ πh)∆(a) = u(πh(a)⊗ I)u
∗.
3. Multiplicative unitaries and compact quantum semigroups
It is known from [3] that the Haar functional exists for every compact quantum
group. But since the proof of this statement is based on the density conditions
(2.2),(2.3), this may not be the case for all compact quantum semigroups. However,
(2.4) implies uniqueness of Haar functional if it exists.
The following shows existence of multiplicative isometry in the case of compact
quantum semigroup with Haar functional.
Theorem 3.1. Let (A,∆) be a compact quantum semigroup with Haar functional
h and (Hh, πh) – the GNS-representation associated with h. Then there exists a
multiplicative isometry u ∈ B(Hh ⊗Hh), such that
(3.1) u∗(πh ⊗ πh)(∆(a))u = πh(a)⊗ I.
Доказательство. For any a, b ∈ A define
(3.2) u(a⊗ b) = ∆(a)(I ⊗ b).
Since h is a Haar functional, using (2.5) we obtain:〈
u(a⊗ b), u(a⊗ b)
〉
= (h⊗ h)((I ⊗ b∗)∆(a∗)∆(a)(I ⊗ b)) =
= h((h⊗ id)((I ⊗ b∗)∆(a∗a)(I ⊗ b))) = h(b∗(h⊗ id)∆(a∗a)b) =
= h(b∗b)h(a∗a) =
〈
a⊗ b, a⊗ b
〉
Consequently u is isometry and the following verifies equality (2.9)
u12u13u23(a⊗ b⊗ c) = u12u13(a⊗ u(b⊗ c)) = u12u13(a⊗∆(b)(I ⊗ c)) =
= u12u13((a⊗∆(b))(I ⊗ I ⊗ c)) = (∆⊗ id)(∆(a))(id⊗∆)(I ⊗ b)(I ⊗ I ⊗ c) =
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= (id⊗∆)(∆(a)(I ⊗ b))(I ⊗ I ⊗ c) = u23u12(a⊗ b⊗ c).
Thus, u is a multiplicative isometry. One can easily check relation (3.1). 
The next example shows that the operator u in theorem 2.2 is not unitary
for compact quantum semigroups in general. Nevertheless, by theorem 3.1 the
multiplicative isometry exists, only the existence of Haar functional is required.
Example 3.1.
Consider the Toeplitz algebra T — a minimal C∗-algebra, generated by an
isometric unilateral shift operator T and T ∗ on a Hilbert space H with basis
{en}
∞
n=0. Linear combinations of operators T
nT ∗m for positive integers n,m are
dense in the algebra T . Such operators are denoted by Tn,m. It was proved in [1]
that this algebra admits comultiplication ∆ and the Haar functional h given by:
(3.3) ∆(T ) = T ⊗ T,
(3.4) h(I) = 1, h(Tn,m) = 0,
for all m,n ∈ N except for m = n = 0. This shows that the Toeplitz algebra can be
regarded as an algebra of functions on a quantum semigroup with Haar measure.
Obviously, h is not faithful even on the dense subalgebra in T .
Lemma 3.1. The GNS representation of T associated with h gives the same
Toeplitz algebragenerated by unilateral shift operator πh(T ) on Hh.
Доказательство. One can easiy check that Nh is generated by the family of
operators {Tn,m}m 6=0. Let H be a Hilbert space with basis {ek}
∞
k=0 where ek =[
T k
]
= T k + Nh. Then the corresponding GNS representation πh acts in the
following way:
πh(T
n)ek = πh(T
n)
[
T k
]
=
[
T n+k
]
= en+k.
Thus, πh(T ) is isomorphic to T , and πh(T ) is a unilateral shift.

Theorem 3.2. There does not exist the multiplicative unitary for (T ,∆) which
satisfies (2.10).
Доказательство. Suppose u ∈ B(H ⊗ H) is a unitary which satisfies (2.10).
Particularly, the following relations hold:
(3.5) u(T ⊗ I) = (T ⊗ T )u,
(3.6) u(T ∗ ⊗ I) = (T ∗ ⊗ T ∗)u,
(3.7) u∗(T ∗ ⊗ T ∗) = (T ∗ ⊗ I)u∗.
The relation (3.7) implies that H contains an orthonormal system {xi, i = 0, 1, 2...}
such that u∗(e0 ⊗ ei) = e0 ⊗ xi. Suppose u satisfies pentagon equation. Then u
∗
satisfies the folowing:
(3.8) u∗23u
∗
13u
∗
12 = u
∗
12u
∗
23.
Apply the left-hand side of this equation to (e0 ⊗ e0 ⊗ ei), for i ≥ 0:
u∗23u
∗
13u
∗
12(e0 ⊗ e0 ⊗ ei) = u
∗
23u
∗
13(e0 ⊗ x0 ⊗ ei) = u
∗
23(e0 ⊗ x0 ⊗ xi) =
= e0 ⊗ u
∗(x0 ⊗ xi).
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Calculate the right-hand side of (3.8) on the same vector:
u∗12u
∗
23(e0 ⊗ e0 ⊗ ei) = u
∗
12(e0 ⊗ e0 ⊗ xi) = e0 ⊗ x0 ⊗ xi.
Consequently,
(3.9) u∗(x0 ⊗ xi) = x0 ⊗ xi for any i ≥ 0.
By virtue of (3.5), we have:
u(ej ⊗ xi) = ej ⊗ ej+i, for any i, j ≥ 0.
Consider x0 =
∞∑
i=0
αiei and apply the left-hand side of (3.6) to x0 ⊗ x0:
u(T ∗ ⊗ I)(x0 ⊗ x0) = u(
∞∑
j=0
αj+1ej ⊗ x0) =
=
∞∑
j=0
αj+1u(ej ⊗ x0) =
∞∑
j=0
αj+1ej ⊗ ej .
Calculate the right-hand side of (3.6) on x0 ⊗ x0, using (3.9).
(T ∗ ⊗ T ∗)u(x0 ⊗ x0) = (T
∗ ⊗ T ∗)(x0 ⊗ x0) = (T
∗ ⊗ T ∗)(
∞∑
i=0
αiei ⊗
∞∑
j=0
αjej) =
=
∞∑
i,j=0
αi+1αj+1ei ⊗ ej.
It implies that α2i = αi, αiαj = 0 for any i, j ≥ 1 such that i 6= j. Since ‖x0‖ = 1,
x0 = e0 or x0 = en for some n ≥ 1.
Suppose x0 = en for n ≥ 1. By virtue of (3.9) and applying (3.5) to e0 ⊗ xi we
obtain:
xi = en+i for any i ≥ 0.
Consequently, u(e0 ⊗ en+i) = e0 ⊗ ei, u
∗(e0 ⊗ ei) = e0 ⊗ en+i for any i ≥ 0. Вy
(3.7), the space H contains an orthonormal system {yj, j = 1, 2, ...} such that
u∗(ej ⊗ e0) = e0 ⊗ yj . Since ej ⊗ e0 ⊥ e0 ⊗ ei for any i, j ≥ 1, the linear span of
e0, e1, ..., en−1 contains all yj. So, in this case u is not unitary.
Suppose x0 = e0, then u(e0 ⊗ e0) = e0 ⊗ e0, u(e0 ⊗ ei) = e0 ⊗ ei for every i ≥ 0.
Using (3.5) for all i, k ≥ 0 we obtain:
u(ek ⊗ ei) = u(T
k ⊗ I)(e0 ⊗ ei) = (T
k ⊗ T k)(e0 ⊗ ei) = ek ⊗ ek+i.
Consequently, the image of H ⊗ H under u lies in linear span of {ei ⊗ ej |j ≥ i}.
Thus u is not unitary. 
This example shows that there exist compact quantum semigroups which do
not admit multiplicative unitary. The following shows that multiplicative isometry
cannot replace multiplicative unitary.
Example 3.2.
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For some compact quantum semigroups the GNS representation associated with
Haar functional and the multiplicative isometry are trivial, so they do not encode
the formation about the basic object. Consider the algebra C(S) of all continuous
functions on a compact semigroup S with a zero element. Define comultiplication:
(3.10) (∆(f))(x, y) = f(xy).
By associativity of multiplication in S, (C(S),∆) is a compact quantum semigroup.
The Haar functional h on (C(S),∆) is given by:
h(f) = f(0).
Obviously, h is not faithful, and the corresponding GNS representation is one-
dimensional. Thus, the multiplicative unitary and the multiplicative isometry do
not play the same role as in the case of compact quantum groups.
4. The Comultiplication
The notion of multiplicative unitary is based on the GNS representation associated
with the Haar functional h. Since πh is a faithful representation of the C*-algebra
corresponding to the compact quantum group, ∆ generates comultiplication ∆
′
on
πh(A), given by the following commutative diagram:
A
∆
−−−−→ A⊗A
pih
y
ypih⊗pih
πh(A)
∆
′
−−−−→ πh(A)⊗ πh(A)
Then the multiplicative unitary in Theorem 2.2 satisfies the following condition:
(4.1) ∆
′
(a) = u(a⊗ 1)u∗,
for any a ∈ πh(A).
The right-hand side of (4.1) is the image of the following operator W : πh(A)⊗
πh(A)→ πh(A)⊗ πh(A) on a⊗ I, where W (·) = u · u
∗. The pentagon equation for
u is encoded in the same equation for W . In the case of a compact quantum group
we can identify A and πh(A). Then W is a linear invertible operator on A ⊗ A,
which encodes the comultiplication of (A,∆):
(4.2) ∆(a) = W (a⊗ 1)
As it was mentioned in the previous section, operator W cannot be obtained
by the same method. Nevertheless, thee may still exist an operator with the same
conditions as W except the invertibility. The following explains the idea of this
operator.
Let L(A) be the algebra of all linear continuous operators on the C∗-algebra A.
Denote by Σ ∈ L(A⊗A) the flip operator Σ(a⊗ b) = b⊗ a for a, b ∈ A.
For V ∈ L(A⊗A), a ∈ A⊗A denote
V12 = V ⊗ id, V23 = id⊗ V, V13 = Σ12V23Σ12 = Σ23V12Σ23
a12 = a⊗ 1, a23 = 1⊗ a, a13 = (Σ⊗ id)(a23) = Σ12a23
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Definition 4.1. Let A be a C∗-algebra. We say that W : A⊗A → A⊗A satisfies
pentagon equation if the following holds:
(4.3) W12W13W23 = W23W12
The following statement is obvious.
Lemma 4.1. ∆L : A → A⊗A, a 7→ a⊗ 1 and ∆R : A → A⊗A, a 7→ 1⊗ a define
comultiplication on A. These comultiplications are called trivial.
Operator W with several additional conditions endows A with comultiplication.
Theorem 4.1. For a unital C∗-algebra A and a unital C∗-homomorphism W ∈
L(A⊗A), which satisfies the pentagon equation, define operators ∆, ∆̂ : A → A⊗A:
∆ = W∆L, ∆̂ = ΣWΣ∆R.
Then (A,∆) and (A, ∆̂) are compact quantum semigroups.
Доказательство. It is sufficient to check (2.1) for the maps ∆, ∆̂. For any a ∈
A⊗A we have:
(∆⊗ id)a = (W∆L ⊗ id)a =
= (W ⊗ id)(∆L ⊗ id)a = (W ⊗ id)a13 = W12(a13)
Using this equation and relation (4.3), we get:
(∆⊗ id)∆(a) = W12(∆(a))13 = W12(W (a⊗ 1))13 = W12W13(a⊗ 1)13 =
= W12W13(a⊗ 1⊗ 1) = W12W13(id⊗W )(a⊗ 1⊗ 1) =
= W12W13W23(a⊗ 1⊗ 1) = W23W12(a⊗ 1⊗ 1) = W23(W (a⊗ 1))12 =
W23(∆(a))12 = (id⊗∆)∆(a).
Analogously we get coassociativity of ∆̂. 
So, homomorphismW on A⊗A satisfying the pentagon equation endows A with
the compact quantum semigroup structure. The following shows that a compact
quantum semigroup with some additional conditions admits such an operator W .
Theorem 4.2. Let (A,∆) be an arbitrary compact quantum semigroup witha couint
ǫ. Then there exist C∗-homomorphisms WL,WR ∈ L(A ⊗ A), which satisfy the
pentagon equation, such that:
(4.4) ∆ = WL∆L = WR∆R.
Доказательство. Consider operators WL = ∆(id ⊗ ǫ), WR = ∆(ǫ ⊗ id). The
counit conditions imply relation (4.4). 
Remark 4.1. Operators WL,WR in theorem 4.2 are projections and satisf the
following conditions:
WLWR = WR,WRWL = WL.
Moreover, there exist C∗-homomorphisms WL
′
,WR
′
∈ L(A ⊗A),
WL
′
= (id⊗ ǫ(·)I),WR
′
= (ǫ(·)I ⊗ id),
which are projections and the followig equations hold:
WL
′
∆ = ∆L,WR
′
∆ = ∆R,
WLWL
′
= WL,WRWR
′
= WR.
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Let us show that the examles of compact quantum semigroups from the previous
section are given by such operator satisfying the pentagon equation.
For a compact quantum semigroup in 3.1 the existence of the counit is shown in
[1], given by
ǫ(Tn,m) = 1,
for all n,m ∈ Z+. By virtue of theorem 4.2, there exist homomorphisms W
L and
WR on T ⊗ T satisfying relations (4.4), given by:
WL(Tn,m ⊗ Tk,l) = Tn,m ⊗ Tn,m,
WR(Tn,m ⊗ Tk,l) = Tk,l ⊗ Tk,l.
Consider the algebra of continuous functions C(S ×S) for a compact semigroup
S and the following operator W on it:
W (f)(x, y) = f(xy, y),
for f ∈ C(S × S), x, y ∈ S. Then using W the comultiplication ∆ in example 3.2
can be constructed from ∆L:
∆ = W∆L.
Thus, these examples show that despite the fact that compact quantum semigroups
do not fit the multiplicative unitary theory in general, it is possible to define another
operator which gives a structure of a compact quantum semigroup on an arbitrary
C*-algebra. And this operator generalizes the multiplicative unitary.
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